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1. INTRODUCTION 

Let C be the complex plane and 

G = {z = x + iy\ x € (—oo; +oo), y € (0; +oo)} C C 

be the upper half plane of C. The function v : G — > (0; +oo) is such that v(z) = 
v(x + iy) = v(iy), Vz = x + iy£G, and 

inf v(iy) > 0, Vc > 1. (1.1) 

3/>ire[i,c] 

We define 

<Pv(y) = (-UlniUy), y <E (0;+oo). 

Thus the property (1.1) is reformulated as the folowing property of <p v (y) 

sup tp v (y) < + oo, Vc > 1. (1.1') 

y.2/6[|» c 1 

The weighted Banach spaces of holomorphic functions H V (G) and H Vo {G) are 
defined as follows 

• / G H V (G) iff / is holomorphic on G and is such that 

|| / ||„= sup v(z)\f(z)\, 
z,ze0 


• / € H Vo (G) iff / € (G) and / is such that Vs > 0 there exists a compact 

IC £ C G for which 

sup v(z)\f(z)\ < £. 
zeG\ic e 

Thus, we use notations used in [1,2,3,4,5]. 

In [1], [2] authors find the isomorphic classification of the spaces H V (G) and 
H Vo (G) when the weight function v meets some growth conditions. 

In [3], [4] are studied weighted composition operators between weighted spaces 
of holomorphic functions on the unit disk of the complex plane and the associ¬ 
ated weights are used in order to estimate the norm of the weighted composition 
operators. 

In [5] are studied the associated weights. 

This paper is about the weights that have some of the properties of the asso¬ 
ciated weights. We prove that H V (G ) and H Vo (G) are exactly the same spaces as 
H W (G) and H Wo (G) where w is the smallest log-concave majorant of v. Here, the 
smallest log-concave majorant of v is exactly the associated weight but in case of 
other weighted spaces this coincidation might not take place. Our work is based on 
the theory of convex functions and some specific properties of the weighted banach 
spaces of holomorphic functions under consideration. 

The results of this paper are communicated on the conferences [7] and [8]. 


2. DEFINITIONS AND NOTATIONS 

Let $ be the set of functions p such that ip £ 4> iff the following conditions are 
fullfield 

• ip : (0; + 00 ) —> R and 

• there exists a real number a such that 

inf (<p(x) — ax) > — 00 . 

xG(0;+oo) 

Note that —00 < p(x) < + 00 , Vx € (0; + 00 ) and Vip € $. 

We denote by the limit inferior 

- • r <p(x) ^ 

a v = lnnmf -, tp G $. 

®->-+oo x 

If p £ <I> then 

• a v € R U {+ 00 }, a v > — 00 , 

• a v = sup{a| a £ R, inf (<p{x) — ax) > — 00 } 

xG(0;+oo) 
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If p £ $ is convex on ( 0 ; +oo) then 


cL, = lim 

x —>+oo 


<p{x) 

x 


Let $1, $2, c E > 3 be the following subsets of $ 

$i = {p\ p £ <&, a v = +oo} 

( f > 2 = {p\ P £ 3 >, a v < +oo, lim inf (^(2;) — a v x) = —oo} 
$3 = {p\ p £ $, a v < +oo, lim inf (Wa;) — a v x) > — oo} 

k 1 X—>- + oo J 


Note that $i, $2, $3 are mutually disjoint sets and $1 U $2 U $3 = $. 
If p £ $2 U $3 is convex on ( 0 ; +00) then 


liminf(<p(a;) — cUa;) = lim (p(x)—a v x). 

x-t-\-oo x —^+00 

Note that a function p £ $ is not necessarily continuous. Here, the function 
p that belongs to $, does not have to meet any conditions beside those of the 
definition of <f>, $1, $2, $3. There are a number of simple functions that belong to 
$, $1, $2, $3 and for example 

• if pi(x) = x 2 , \/x £ (0; +00), then p\ £ $1; 

• if p 2 (x) = x — y/x, Vx £ (0; +00), then p 2 £ $2; 

• if 1^3(0;) = a; -1 , Vx £ ( 0 ; +00), then p 3 £ d> 3 ; 

and the functions pi(x), p 2 (x), P3{x) are all convex on (0; +00). 

Let p £ $ and let 

M v = { (a, b) I a £ R, b £ R, inf (p(t) — at) > 6}. 

t€(0;+oo) 

The function p** : ( 0 ; +00) —> R is defined as 


p**(x) = sup (ax + b). 

(a,&)GM v 

Thus, p** is the second Young-Fenhel conjugate of p and it is the biggest convex 
minorant of p. 


3 . MAIN RESULTS 


Theorem 3.1 Let p £ $ and ip £ <&. If 0 is convex on ( 0 ; +00) then 
inf (p(x) — ip(x)) = inf (p**(x) — i[>(x)) 

x€(0;+oo) V ' x€(0;+oo) V ' 
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Theorem 3.2 Let p G <f> and if) G $. If ip is convex on ( 0 ; +oo) and the 

right-sided limit lim (p(x) — ip(x )) = +oo then 
®->o+ 


lim + (<p**(x) — ip{ x )) = +°° 

Theorem 3.3 Let p G <f>, ip G $ \ $3. If if) is convex on ( 0 ; + 00 ) and the limit 
value lim (p{x) — ?/>(x)) = +00 then 

:r—>-+oo v ' 


lim ( p**(x ) — i>{ x )) = +00 


Example 3.1 Theorem 3.1 does not hold with the functions 
p(x) = min{x, 1} + 1, 

X 

4 >(x) = —-j—j-, Vx G ( 0 ;+oo) 

Note that ip € f the function if) is not convex on ( 0 ;+oo), p**{x) = 1 , 

Vx G ( 0 ; +00), and 

1 = inf (p(x) - V>(x)) ^ inf (p**(x) - if>(x)) = 0 . 

xE(0;+oo) x£(0;+oo) 

Example 3.2 Theorem 3.2 does not hold with the functions 

, , 1 1.1 2 
p[x) = + - sin - + 

x z x x x 
2 

ip{ x ) = p(x) -, 

X 

where x G ( 0 ;+oo). Note that p G $, V’ € the function tp is not convex on 
(0; +00) and 

+00 = lim (p(x) — ip(x\) > lim inf (p** (x) — ip(x)) 

®->o+ x—>o + 

This is proved in the Proposition 4 . 1 . 

Example 3.3 Theorem 3.3 does not hold with the functions 

p(x) = x 2 + x sin x + 2x, 
ip(x) = p{x) — 2 x, 


where x G (0; + 00 ). Note that p G <!>, V’ € d* \ $3, the function if) is not convex on 
(0; + 00 ) and 


+00 = lim (p(x) — ip( x )) > hminf(<p**(x) — x )) 

This is proved in the Proposition 4 . 2 . 
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Corollary 3.1 Let p £ Q and ip £ If p and ip are such that the right-sided 
limit 

lim (p(x) — ip(x )) = +oo, 


x — > 0 + 


then 


lim (tp**(x) — ip**(x )) = +oo 

ic—>o+ 


(3.1) 


Proof. Note that ip** < ip and 

lim + (y(a;) — ip**(x )) > lim + (y>(a;) — ip(x)) = +oo. 

The Theorem 3.2 is applied to p, ip** and thus the limit (3.1) is proved. □ 
Corollary 3.2 Let p £ $, ip £ $ \ $ 3 . If p and ip are such that 


then 


lim (p(x) — ip{x)) = + 00 , 
lim (p**(x) — ip**(x)) = +00 


x —>+00 


(3.2) 


Proof. Note that 

• ip** £ <!> \ $3 by the Lemma 4.1; 

• ip** < ip- 

The Theorem 3.3 is applied to p, ip** and thus the limit (3.2) is proved. □ 

Example 3.3 Let 

p( x) = x 2 + X, 

! 3x — 1, x £ (0,1] 

5-3a;, x £ (1,2] 
x 2 + x — 7, x £ (2, + 00 ) 

So, p £ $, ip £ $ and 

• p is convex on ( 0 , + 00 ), and therefore p** = p, 

• ip is not convex on ( 0 , + 00 ) and 


r*(x) = 


-1, *G(0,2] 

x 2 + x — 7, x £ (2, + 00 ) 


A direct calculation shows that 

inf (p(x) — ip(x)) = 0 ^ 1 = inf (p**(x) - ip**(x)). 

:r£(0;+oo) a?£(0;+oo) 

Thus there is no any analog of the Theorem 3.1 involving p** and ip in such a way 
as in Corollaries 3.1 and 3.2. □ 
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4. AUXILIARY RESULTS 


Proposition 4.1 Let 


+ 0 ) 

ip{x) 


1112 
—o H— sin —I—, 

X z X X X 
+0) - 

X 


where x £ (0;+oo). The functions <p and xp are such that ip £ ip £ $, the 
function ip is not convex on (0; +oo) and 


+oo 


lim + ((^(x) — ip(x)) > lim inf (ip** (x) — ip{x)) 


Proof. The function ip is such that 


ip(x) > 



x £ (0; 1) 
x £ [1; +oo) 


so, ip(x) > 0 \/x £ (0; +oo) and this implies that if £ $. 

The function p £ <I> because of the inequality p > ip. 
Note that the limit value 

2 

lim (p(x) — ip(x)) = li m — = +oo. 

:r—>•()+ a;—>■()+ X 


Let 

1 ~ _ 1 

Xk ~ \ +2fc7r’ Xk ~ \ +2kn 

where k = 0,1,2,.... Note that Xk > Xk > Xk+i > 0, lim Xk = 0, and the 

k —>-+oo 

harmonic mean of a+, Xk+i is equal to Xfc. 

A direct computation shows that the second derivative ip"(x o) < 0. Therefore 
ip is not convex on (0; +oo). 

Let 

f(x) = - o+- 5 Vx £ (0; +oo). 

X z X 

Note that the function / is convex on (0; +oo) and f(x) < p(x), Vx £ (0; +oo). So, 
/ is a convex minorant of p and thus / < p**. 

Therefore, f{xk) < p**(xk ) < p{xk) = f(xk) and this implies that 


f{x k ) = p**{x k ), Vk = 1,2,3,.... 


Furlitermore, 


V’(xfe) = f{xk) < p**(xk) < — — p** {xk+i) 

%k %k -\-1 


%k 1 

%k 1 


p**{xk) 
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because of the convexity of <p**. Thus 

0 < lf**{Xk) - 1p(Xk) < — -^^/(cCfe+i) + —— ^^-f(xk) ~ f(x k ) 

%k %k -\-1 %k %k -\-1 

Note that after some simple computations we obtain 


Xk Xk 
%k 1 


f{ x k+ 1) + 


%k 1 

*£fc *£fc+l 


/(*fc) - f{Xk) 


(3 + x k )ir 2 


Consequently 0 < p**{x k ) — ip{x k ) < (3 + a+)7r 2 , V/c = 1,2,3,... and 


lirninf (tp**(x) — ip(x)) < +oo. □ 

x—>■()+ 


Proposition 4.1 Let 

ip(x) = x 2 + x sin x + 2x, 
ip{x) = ip(x) — 2x, 


where x £ (0; +oo). The functions ip and ip are such that <p £ $, ip £ $ \ $ 3 , the 
function ip is not convex on (0; + 00 ) and 

+00 = lim (<p(x) — ip(x)) > liminf (p**(x) — ip(x )) 

x—>-+oo v ' x— ^+00 v ' 


Proof. The function ip is such that 


ip(x) > 



x £ (0; 7 r) 
x £ [7r; + 00 ) 


Therefore ip > 0 and thus ip £ <f>. 
The limit value 


aw, = lim inf 

x —^+00 


0&> liminf 

X x—H-oo 



+00 


Therefore a ^ = +00 and thus ip £ $1 C $ \ $ 3 . 

The function <p £ <f> because of both <p > ip and ip £ <f>. 
The limit value 


lim (<p(x) — ip(x)) = lim 2x = + 00 . 

x—>-+oo ' ' x—>+00 


Let 


3tt „ 5tt 

Xk = — + 2fc7r, x k = — + 2kn 


where k = 0,1,2,_ Note that, if k = 1,2,3,... then 0 < x k < x k < x k +i, 

Xk + Xk+i = 2xk and lim x k = + 00 . 

k—*-\-oo 
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A direct computation shows that the second derivative if”(x o) < 0 and so the 
function if is not convex on (0; +oo). 

Let 

f(x ) = x 2 + x, \/x £ (0; +oo). 

The function / is convex on (0; +oo) and / < ip. So, / is convex minorant of p and 
thus f <ip**. 

Therefore f{x k ) < <p**(x k ) < <p{x k ) = f(x k ) and this implies 
f(x k ) = p**(x k ), Vfc = 1,2,3. 


Furthermore, 

1p(Xk) = f(Xk) < P**{x k ) < - —<p**(x k ) + —- ^—lp**(x k + 1 ) 

*£fc+l 

because of the convexity of (p**. Thus 

0 < <p**(x k ) - ip{x k ) < — —f{x k ) + ——— /(*fc + i) - /(Sfc) 

*£fc+l *£fc+l %k 

Note that after some simple computations we obtain 

x k +i xl j.( x ^ + x k x k j( Xk+i j _ = t r 2 , V/c = 1,2,3,.... 

*£fc+l %k -\-1 %k 

Consequently, 0 < p**{x k ) — ip(x k ) < 7r 2 , Vfc = 1,2,3,... and 
liminf (<p**(x) — ip{x)) < +oo. □ 

Lemma 4.1 If tp £ 4> then 

(1) liminf p(x) = lim <p**(x) 

21 —)■()+ 21 —»■()+ 

(2) liminf Ad = lim 

X—> + 00 X X—> + oo X 

Proof. Let ip £ <f>. Then 


lim inf <p(x) > lim inf ip** ( x ) 

x—>0+ x—>o+ 


21—>- + 00 X 21—>- + 00 X 


= lim tp**(x) 
21 —>•()+ 


= lim 

21 —>- + 00 


P**{x) 

X 


Let ao 6 R and 6 0 G 1 be such real numbers that a^x + b^ < p{x) \/x € (0; +oo). 
Thus, 


liminf <p(x) > &o > —oo 

X—»0+ 

(4.1) 

T • r P( X ) 

limmi- > ao > — oo 

x—>+oo x 

(4.2) 



Let b be such that liminf <p(x) > b > — oo. 

x—>o+ 

Then we choose a real number S in such a way that S > 0 and 


inf <p(x) > b. 

o<x<<5 


Therefore 


inf 

£>0 


V(x)-b . / . (p(x)-b . ip{x)-b' 

- > mm< mf - , int - 

X l0<x<<5 x 5<x x 


> 


> min{0, inf (ao + — -)} 

L 6<x X J 


> —OO. 


Let a = mini 0, inf (ao + }. 

S<x x 

Thus (a, b) £ M v and consequently p**(x) > ax + bVx € (0; +oo). 
So, 

lim ip**(x ) > b 

x—>0+ 


and 


lim ip** (x) > lim inf ip(x) 

x—»0+ x^0+ 


because of the choice of the number b. 

Therefore the assertion (1) of the Lemma 4.1 is proved. 

Let a be such that liminf > a > — oo. 

x —»+oo x 

Then we choose a real number A in such a way that A > 0 and 


inf 

x> A 


<p(%) 

x 


> a. 


Therfore 


inf (ip(x) — ax) > mini inf (ip(x) — ax), inf (<p(x) — ax)\ > 

x>0 V W ' ~ l 0<x<A V ' ’ x>A V n ~ 

> mini inf (aox + b o — ax), 0} > —oo 

m<x<A ’ 


Let B = minj inf (aox + bo — ax), 0). 

l 0<x<A J 

Thus, (a, ft) £ M v and consequently tp** (x) > ax + ft Wx £ (0; +oo). 


So, 


lim 


x —>-+oo 


<P**(x) 

x 


and 


lim 


x —>-+oo 


V**(x) 

X 


> lim inf ^ 

x—>+oo X 


because of the choice of the number a. 

Therefore the assertion (2) of the Lemma 4.1 is proved. □ 
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Lemma 4.2 ip £ 4>i •£=> ip** £ dq, i = 1,2, 3. 

Proof. The assertion <p £ •<=>• £ iq is proved as (1) of Lemma 4.1. 

The proof of the Lemma 4.2 will be completed after proving 

<p £ $3 ip** e $ 3 . 


Let ip £ $ 2 U $3 and 


a v = lim inf 

x —^+oo 


P{x) 

X 


lim 


>+oo 


P**(x) 

x 


If ip** £ 4 > 3 then ip > ip** implies ^£$ 3 . 

Now let us suppose that g d> 3 . 

Let do and b 0 be such real numbers that clqX + 60 < (p(x), \/x £ (0; + 00 ). 
Let b be such a real number that lim inf (<p(:v) — a^x) > b > — 00 . 

s->+oo v ^ ' 

Let the real number A be such that A > 0 and 


inf 

x> A 


(p{x) - a v x) > b. 


Therefore 


inf (tp(x) — CLcnx) > min{ inf (ip(x) — a^x), inf (ip(x) — a„a:)} > 

x>0 V v ' - l 0<x<A V x>A V >) - 

> mini inf [a^x + bo — a„ x), fe) > —00 

l ‘0<x<A ’ 

Let b = mini inf (aox + bo — a w x), b\. 

l 0<x<A J 

So, (a v , b) £ M v and consequently p**(x) > a v x + b, Vx £ (0; + 00 ) and 
lim inf (ip** (x) — acpx) >b> — 00 . 


Thus ip** £ $3. □ 

Lemma 4.3 Let g $. If a is such that a < a v , then 

inf (<p(x) — ax) > —00 

x>0 v ' 


and lim (<p(x) — ax) = + 00 . 

x-S-+oo v > 

Proof. Let ao, bo be such real numbers that (ao,bo) £ M v . 

Let the real numbers a and di be such that —00 < a < a± <a v . 
Let the real number A be such that A > 0 and 


inf 

x>A 


P{x) 

X 


> a\. 


So, tp(x) — ax > (a\ — a)x, where x > A. 
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> 


□ 


Therefore lim (ip(x) — ax) = +oo and 

X-S- + OO v v ' ' 

inf (War) — ax) = mini inf (ip(x)-ax); inf (War) — ax) > 

i>0 ' ' L0<a:<A V ’ x>A V ’) 

> mini inf ia^x + bo — ax ); inf (a\ — a)x f > 

lO<:r<A x>A J 

Lemma 4.4 Let ip : (0; +oo) —> R be convex on (0; +oo) and 
ip{x) = ip{x) ~ ' 1 P'( x ~) x j Va; 6 (0; +oo), 

where tp'(x~) = lim \/ x > o. If x\ and X 2 are such that 0 < x\ < x 2 

t^tX~ 

then 

i>{x i) > ^(ar 2 ). 

Proof. Let x\ and x 2 be such real numbers that 0 < xi < x 2 and let X 3 = Xl + X2 . 
Note that 

• 2 ^(ar 3 ) < ip(x l) + ip(x 2 ), 

• f(u, v ) = is such that both functions /(•, v ) and f(u, •), each one of 

them is a monotone non-decreasing function, where u > 0 , v > 0 , u ^ v, and 


„ ,• ^(t)-fp{ x ) ,,, —\^ nt +^ r 1 p(v)~ 1 p(x) 

—00 < lim - = ip lx ) < ip lx ) = hm - 

t-¥X~ t — x v->x± v — x 

where x > 0. 

Now, ip(x 2 ) < ip(x 1 ) follows from the inequalities 

i>(x 2 ) = ip(x 2 ) - ip'{xf)x 2 < ip{ x 2 ) - ^ X ^ x 2 = 

x 2 - x 3 

= ( Ip(x 3 ) - ^(ar 2 )) ^ 2x2 ~ - ip( x 2 ) = ip{x 3 ) ~ 2x2 ~ - ip{x 2 )‘—————— < 


< +OO 


< (lp{X 2 ) + 1 p( x l)) 


x 2 — X\ 
x 2 

X 2 — Xi 


X 2 — Xl 


X 2 — Xl 


- tp{x 2 ) 


= ip{xi ) X2 + Xl - (lp(x 1 ) + 1 p( x 2 )) 

X 2 — Xl 


X 2 + Xl 
X 2 — Xl 

Xl 

X 2 — Xl 


< 


< ' t P( x l) X2+X , 1 - W+b) „ 2a?1 „ = 1 p( x 1 ) - (^( 2 : 3 ) - 1 p{xi)) 2x1 


X 2 — Xl 


X 2 — Xl 


X 2 — Xl 


= ip(x 1 ) - < ^(aq) - ip\xf)x 1 < W^i) - ip r {x^ )xi = ip(x 1 ). 

£3 - a:i 

Lemma 4.5 Let ip £ & 2 U $ 3 . If a/> is convex on (0; + 00 ) and 
lim (ip(x) — ip'{x~)x) > —00 


□ 


x —>+00 
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then if £ <J> 3 . 

Proof. Note that the limit value exists due to the Lemma 4.4. 
Let the real number a be such that 

lim (ip{x) — ’ifj'(x~)x ) > a > —oo. 


Let thereal number A be such that A > 0 and in£+(a;) — ip'(x )x ) > a. 


Therefore, 




t — x 


for every t and x such that A < t < x. 
So, ' 


ip(t) — a tf(x) — a 
t ~ x 


for every t and x such that A < t < x. 
Consequently 


ip(x) — a ip{x) — a ift(x) ^ 

- > lim -= Inn -= a^, 


IE— H-oo x 


x— >+oo x 


where x > A. 

Thus if(x) — ay, x > a, where x > A, and 

lim (ijj(x) — a^x) > a > —oo 

x —>-+oo v 

i.e. if) £ <F 3 . □ 

Corollary 4.3 Let i/i e $ 2 - If 'tp is convex on (0; +oo) then 

lim (ip(x) — ip'(x~)x) = —oo 
£—>■ + 00 V 

Note that Corollary 4.3 follows directly from Lemma 4.5. 


5. PROOFS OF THE MAIN RESULTS 

Proof of Theorem 3.1 Let ip € 4), xf £ <f> and if be convex on (0; +oo). 
Note that 


inf (<p(x) - ip(x)) > inf (<p**(x) - ip(x)) 

£G(0;+oo) £G(0;+oo) 

because of the inequality ip > ip**. 

Now we consider two cases 

case 1 inf (pix) — il>(x)) = — oo. 

xC(0;+oo) V ' 

So, 

inf (<p(x) - tp(x)) = inf (<p**(x) - ip(x)) = -oo 

£G(0;+oo) £6(0;+oo) 


(5.1) 
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case 2 c := inf (pix) — if(x)) > ~oo. 

:rE(0;-|-oo) 

So, 

p(x) > if(x) + c, \/x € (0; +oo). 
and if + c is convex minorant of p. Therfore 

p**(x) > if(x) + c, \/x £ (0; +oo). 
i.e. inf (<p**(x) — if{x)) > c and 

x >0 


inf (v?**(x) - if(x)) > inf (p(x) - if(x)) 

x>0 x€(0;+oo) 

It follows from here and from inequality (5.1) that 

inf (<p(x) — ip(x)) = inf (p** (x) —-iptx)). □ 

xG(0;+oo) V ' xG(0;+oo) V ' 

Proof of Theorem 3.2 Let the functions p and if be such that p € d*, if £ d>, if 
is convex on ( 0 ; +oo) and the limit 

lim (p(x) — if{x)) = +oo. 

x— >-0+ 

Note that lim if(x) = if( 0 + ) elU {+oo| and if{ 0 + ) > — oo. because if £ & 

i-tO+ 

and 'if is convex on ( 0 ; +oo). 

Therefore, <^(0 + ) = + 00 an d from Lemma 4.1 we obtain that </?**(0 + ) = +oo. 
If if( 0 + ) < +oo then 

lim (p**(x) — if{x)) = tp**( 0 + ) — if( 0 + ) = +oo. 

*—>o+ 

So, in order to complete the proof we have to study the alternative when the 
function if is such that if( 0 + ) < +oo. We will define a new function if that is 
convex minorant of p. 

Let a o and bo be such that (ao,bo) € M v . 

Let c be a real number. 

Let Ai be such areal number that Ai > 0 and 

inf (p(x) — if(x )) > c. 

0<a;<A 1 V V V ” 

Let A 2 be such a real number that Ai > A 2 > 0 and 

inf (if(x) + c — (a 0 x + bo)) > 0 . 

0Cc<A 2 v ’ 

Let A 3 be such a real number that A 2 > A 3 > 0 and the function if(x) be 
monotone non-increasing on (0; A 3 ). 
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Note that if x £ (0; A 3 ) then we have the following inequalities with the convex 
function ip 

0 > - * (x) > * (A f - * {x) > limsup iit] - * {i) =: *>(*+) 

A 3 A 3 - X t ^ x + t ~ X 

and from ip(0 + ) = +00 it follows that 

lim ip'(x + ) = — 00 . 

x— > 0 + 

Let A 4 be such a real number that A 3 > A 4 > 0 and 

sup ip\x + ) < do- 

0<x<A 4 

Note that if x £ (0; A 4 ) then 

limsup('0 / (x + )(Ai — x) + ip{x) + c) < 

x— >o+ 

< limsup(i//(x + )(0,5Ai — x) + ip(x) + c + r//(a: + )0,5Ai) < 

x— > 0 + 

< limsup(V’(0,5Ai) + c + ?/>'(x + )0,5Ai) = —00 

£—>• 0 + 

Let A 5 be such a real number that A 4 > A 5 > 0 and 

sup (ip'(x + )(Ai - x) + ip(x) + c) < a 0 Ai + b Q . 

0<x<A 5 

Let Xi be such a real number that X\ £ (0; A 5 ). 

Let us set 

a 1 := ip'(xf), 

bi := — 1 p'(xf )xi + ip(x 1 ) + c. 

So, 

ip'(x~l){x — xi) + ip(x 1 ) + c = a\X + b\, \/x £ (0; + 00 ). 

Therefore 


aixi + 61 = ip(x 1) + c > aoxi + b 0 , 
asiAi + 64 < a0A1 + b 0 

Thus there exists a real number X2 € [. x \; Ai] such that a\X2 + b± = <10X2 + &o- 
And we define the function ip 

! ip(x) + c, x £ ( 0 ; Xi) 
a\x + bi, x £ [xi; £2] 

aoX + b 0l x£(x2',+oo). 
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The function if is convex on (0; +oo) because it is continuous, if'(xf) < < ao 

and 0 + c is convex on ( 0 ; Xi). 

Furthermore 

if{x) = if(x) + c < p(x), \/x £ ( 0 ; xi) 

if{x) = a\X + bi < il>(x) + c < p(x), Vx £ [xi; X2] 

if(x) = agx + b 0 < p(x), \/x £ ( X2\ + 00 ) 


i.e. 0 is convex minorant of p. 

Therfore p**(x) > if(x), \/x £ (0; + 00 ). 

Thus p**(x) > if{x) + c Vx £ (0; x\) and 

lim inf [ip** (x) — if(x)) > c. 

tc—>•()+ 


which, accordingly to the choice of the number c, implies that 


lim ( p**(x ) — if(x)) = + 00 . □ 

£-> 0 + 


Proof of Theorem 3.3 Let the functions tp and if be such that ^ 6 $, 
if be convex on ( 0 ; + 00 ) and the limit value lim (pix) — if(x)) = + 00 . 

Note that by Lemma 4.1 


v ■ t 

a in = lim mi - 

tc—^+oo x 

, lf{x) 

dip = hmmt - 

®->+oo x 


lim 


£—>■ + 00 


V**(x) 

X 


lim 


x —^-(-00 


r*(x) 

X 


Let the real number A be such that A > 0 and 


inf^(;r) — if{x)) > 0 . 

Therefore p(x) > if(x), \/x £ (A, + 00 ), and 

• r <P(X) . . , lf{x) ^ 

a in = lim ml - > lim ml -= a^. 

tc—>-+oo x x->-\-oo x 

In order to prove Theorem 3.3 we consider the following four cases 
case 1. a v >a^ 
case 2. a v = a^ 

case 2.1. p £ <I >3 
case 2.2. p £ d > 2 
case 2.3. p £ $ 3 . 
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Case 1. Let the functions tp and ip be such that a v > a$. 
Let the real numbers a\ and <22 be such that 


> a\ > a 2 > a^. 

Let the real number Ai be such that A < Ai and 

> „ 2 > m , Vx e (A,, +00). 

X X 

So, ip**(x) — ip{x) > (cti — « 2 )x, \/x £ (A 1; + 00 ), and 
lim (tp**(x) — ip(x)) = + 00 . 

Thus the case 1 is closed. 

Case 2.1. Let the functions ip and ip be such that = a^, and ip £ $ 3 . 
So, 

• Lemma 3.2 implies that 1 p** £ $ 3 . 

• ip £ $2 and 

lim inf (ip(x) —'a^x) = lim (ip(x) — a^x) = — 00 

because of the convexity of ip. 

We claim that 

inf (ip**(x) — a^x) > — 00 . 

Indeed, let us choose the real numbers 6 , A 2 , ao and b 0 

• the number b is such that 

lim inf (</?** (a;) — a^x) > b 

• the number A 2 is such that A 2 > 0 and 

inf (ip**(x) —a v x) > b 
x>A 2 

• the numbers a 0 and b 0 are such that (ao, bo) £ M v and therefore 

uqx + bo < p**(x) \/x £ ( 0 ,+00). 

So 

inf (tp**(x) — a^x) = mini inf (<p**(x) — a^x) ; inf (tp**{x) — a^x 

x>0 V V ’ tO<x<A 2 V ' x>A 2 V 

> rnirn inf (anx + 6 n — a^x ); b \ >—00 
Lo<a;<A2 v J 
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and the claim (5.2) is proved. 

Thus, 

liminf((^**(x) — ip(x)) = liminf ^(<p**(x) —a v x) + (a^x — ip{x))^ > 

> inf (ip**(x) — a v x) + liminf(d^;r — ip{x)) = 

x>0 x —>+oo 

= inf (ip**{x) — a^x) + lim (dy ,x — ip(x)) = +oo 

#>0 x—t+oo 

The case 2.1 is closed. 

Case 2.2 and Case 2.3 Let c be a real number. 

Let the number A be such that A > 0 and inf (p(x) — ip(x)) > c. 

x>A 

Let the numbers a o and bo be such that (ao,bo) € M v . 

In the present cases, the assumptions imply that ip € $2 and +00 > d v > ao- 
So, ay, = a v > ao and by Lemma 4.3 

lim (ip(x) — aox) = + 00 . 

X —> + 00 

Let the number Ai be such that Ai > A and 

inf (ip(x) + c — (aox + bo)) > 0 . 

®>Ai 


Note that the convex function ip belongs to $ 2 . Therefore 
ip'{x~) < ip'(x + ) < dy,, Vx > 0. 

Furthermore if we fix an x' and let x is such that +00 > x > x' > 0 then 


ip(x')-ip{x) ip{t)-ip(x) , 

- 7 -< lim --- = y> (x ) < 

x' — x t -> x - t — x 

•0(x) 'fp(x') 


lim 


1 - 


= lim 


tp(x') — ip(x) 


< lim ip'(x ) < dy, 


and thus 


lim ip' [x ) = dy, 

x-*-\-oo 


Let the real number A 2 be such that A 2 > Ai and 

inf ip'{x~) > ao- 
X>A2 


(5.3) 


We claim that there exists A 3 such that A 3 > A 2 and 

ip'(x ~)(A — a;) + ip(x) + c < aoA + bo, Vx > A 3 . 

Argument for this claim in the case 2.2 is different when compared to the cor¬ 
responding one in the case 2.3. 
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case 2.2 in this case dy, < +oo and Corollary 4.3 applied to the function i/j imply that 

lim (ip(x) — ip'(x~)x) = —oo 

x —>-+oo 

Therefore by (5.3) we obtain 

lim (ip'(x~)(A — x) + ip{x) + c) = — oo 

x— >-+oo v ' 

case 2.3 now, lim %j)'(x~) = cL, = +oo and 

x —>+oo 

ip'(x~)( A — x) + x) + c < ip'(x~)(2A — x) + ip(x) + c — ip\x~)A < 

< 4>(2A) + c — 'ip'{x~)A 

because of if>'(x~)(t — a;) + ip(x) < ip(t) with x > 0 and t > 0 . 

So, 

lim (ifj'(x~)(A — x) + ip{x) + c) = — oo 

x —^+oo 

Thus the claim is proved and let the number A 3 is such that A 3 > A 2 and 
ip'(x~){A — a:) + ip(x) + c < aoA + bo, Vx > A 3 . 

Let the real number xi be such that xi > A 3 and let us set 
ai = 

h = ) x i + + c. 

Note that ai > ao- 
Thus 

aix + bi < ip(x) + c, Vx € (0; + 00 ) 
aiXi +bi = ^){x\) + c > a 0 xi + b 0l 
a±A b\ <C T bo. 

Let the real number X 2 be such that X 2 £ (A; xi] and 

aix 2 + bi = a 0 x 2 + b 0 . 

We define the function : (0; + 00 ) —> R 

! a 0 x + 6o, xe( 0 ;x’ 2 ] 

aix + bi, x € (x 2 j xi] 

ip(x) + c, x€(xi;+oo). 
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The function 0 is convex on (0; +oo) because it is continuous, ao < a\ < 0'(x 1 ) 
and 0 + c is convex on (xi; +oo). 

Note that 0(x) < tp(x), Vx £ (0; +oo). 

Therfore 0(x) < <p**(x), Vx £ (0;+oo). 

Thus with x > xj we have 0(x) + c < <p**(x) and 

lim inf ((/?** (x) — 0(x)) > c 

Accordingly to the choice of the number c 

lim — 0(x)) = +oo. □ 

X—>- + 00 V ' 


6 . APPLICATION 

In this section we apply the theorems 3.1, 3.2, 3.3 to the theory of spaces H V {G) 
and H Vo (G). 

We make use of the following notation 

Mf(y)= sup \f(x + iy)\, 

tcG (—oo;+oo) 

ipf(y) = lnM/(j/), My > 0, / £ A(p), 

where / is a holomorphic function defined on the upper half plane G. 

Note that 

(-1) In || / ||„= inf (<p v (y) - 0/(y)) 

Here we reformulate our results from the e-preprint [6] 

Theorem A. [6, Th. 1.2] If <p meets the condition (1.1’) then 

H V (G)^{ 0} ^ +£$. 


where v = e 1 - 1 ^‘ p . 

Theorem B.[6, Th. 1.3] If + meets the condition (1.1’) then 


H V0 (G) £ {0} 


v? £ d>, 

+(0 + ) = +oo 


where v = 

Theorem C[6, Th. 1.4] If ip meets the condition (1.1’) and H Vo (G) ^ {0} then 
0 /G$\$ 3 V/ £ H Vo (G) \ {0} 

where v = e^~ 1 ^. 

Note that 0/ is convex on (0; +oo) and 0/ £ $, V/ £ H V {G ) \ {0}. 
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Now in this section we prove two new theorems. 

Theorem 6.1 If p meets the condition (1.1’) and p £ $ then 


[Hv{G), || • ||„) = (H W (G), || • IU) 

where v = and w = . 

Proof. Let v = e^ -1 ^ and w = e* -1 ^ . 

Note that 

• ip > ip** => ip** meets the condition ( 1 . 1 ’) and 

• p £ $ => i p** £ <h, because M v *-> = M v ^ 0. 

Thus, H V (G) ^ {0} and H W [G) ^ {0} by Theorem A. 

H V (G) D H W (G), because || / ||„<|| / || w < +oo, V/ £ H W (G). 

Note that V/ £ H V (G) ^ {0} the function iff = In Mf is convex on (0;+oo) 
and iff £ <b. Therefore by Theorem 3.1 

inf (p(x) - iff (x)) = inf (p**{x) - iff{x)) 

xG(0;+oo) xG(0;+oo) 

Thus / £ H W (G) ^ {0} and || / ||„=|| / || TO . □ 

Theorem 6.2 If p meets the condition (l.T), p £ <I> and </?(0 + ) = +oo then 

(H V0 (G), || • ||„) = {H W0 (G),\\ • |U) 

where v = e (_1 ^ and w = . 

Proof. Let v = and w = . 

Note that 

• p > p** => p** meets the condition ( 1 . 1 ’) and 

• p £ $ => p** £ $, because M^,» = M v ^ 0 

• </?**(0 + ) = <^(0 + ) = +oo, because of Lemma 4.1(1). 

Thus, H Vo (G) ^ {0} and H Wo (G) ^ {0} by Theorem B. 

H Vo (G ) D H Wo (G), because 

0 < v(iy)\f(x + iy)\ < w(iy)\f{x + iy) |, 

V/ £ H Wo (G) and Vx £ (—oo; +oo), Vy £ (0; +oo). 

Note that || / ||„=|| / ||u,, V/ £ P[ Vo (G) ^ {0} because of Theorem 6.1. 

Now we have to prove that / £ H Wo (G) ^ {0}, V/ £ P[ Vo (G) ^ {0}. 

Let / £ H Vo {G) ^ {0}. Accordingly to the definition of H Vo (G) 

lirn sup v(z)\f{z)\=0 
zeG\ic 
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where 1C C G and /C is compact. So, 


lim v{iy)Mf(y) = 0 , lim v(iy)Mf(y) = 0 

j/->0+ y-t+oo 


and after reformulation 


lim (ip(y) - 4> f {y)) = +oo, 
y-> o+ 

lim (tp(y) - 4>f{y)) = +oo 

2/->+oo 


Note that ipf £ <f> \ $3 by Theorem C. 
Therefore by Theorem 3.2 and Theorem 3.3 


lim (<p**(y) - i>f{y)) = +00. 

y-> o + 

lim (tp**(y) - ipf{y)) = +00 

y-t +00 


lim w(iy)Mf(y) = 0 , lim w(iy)Mf(y)= 0 

2 /-> 0+ 1 /-H -00 

Let the real number £ be such that e > 0. 

Let the real number c be such that c > 1 and 


sup w(iy)Mf(y) < £, sup w(iy)Mf(y) < £ 
y<\ y >c 

Let 

sup w(iy) 
j<y<c 

inf v(iy) 

i<v<c 

m < +00 because <p** € $ and therefore inf 1 < x<c ¥>**(*) > - 00 , Vc > 1. 

So, 0 < m < + 00 . 

Accordingly to the definition of H V0 (G) there exist two numbers x\ and Ci such 
that x\ >0, Ci > c and the compact 

K-\ = {x + iy\ — x\ < x < x\, — < y < ci} 

Cl 

meets the condition 

£ 

sup v(iy)\f{x + iy)\ < — 

x+iy&G\ICi m 

Let 1C = {x + iy\ — xi < x < x\, ^ < y < c} 

Thus 

sup w(iy)\f(x + iy)\ = max] sup w(iy)Mf(y), sup w(iy)Mf(y), sup w{iy)Mf{y) 
x+iy€G\f C ^ y<- |a|>«i, V> c 

i<y<c 

< max] e, sup v(iy)m\f(x + iy)\, £ f < £ 

^ \x\>Xl, ' 

i<y<c 
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and therefore / G H Wo {G). □ 
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